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Abstract. We consider singular-degenerate, multivalued stochastic fast dif-
fusion equations with multiplicative Lipschitz continuous noise. In particular,
this includes the stochastic sign fast diffusion equation arising from the Bak-
Tang-Wiesenfeld model for self-organized criticality. A well-posedness frame-
work based on stochastic variational inequalities (SVI) is developed, char-
acterizing solutions to the stochastic sign fast diffusion equation, previously
obtained in a limiting sense only. Aside from generalizing the SVI approach to
stochastic fast diffusion equations we develop a new proof of well-posedness,
applicable to general diffusion coefficients. In case of linear multiplicative
noise, we prove the existence of (generalized) strong solutions, which entails
higher regularity properties of solutions than previously known.
1. Introduction
We consider singular-degenerate, multivalued stochastic fast diffusion equations
(SFDE) of the type
dXt ∈ ∆(|Xt|m−1Xt)dt+B(t,Xt)dWt,(1.1)
X0 = x0
with m ∈ [0, 1], on bounded, smooth domains O ⊆ Rd with zero Dirichlet boundary
conditions, where |r|−1r := Sgn(r) denotes the maximal monotone extension of the
sign function. In particular, we include the multivalued case m = 0 and general
diffusion coefficients B. In the following W is a cylindrical Wiener process on
some separable Hilbert space U and the diffusion coefficients B : [0, T ] × H−1 ×
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Ω→ L2(U,H−1) take values in the space of Hilbert-Schmidt operators L2(U,H−1),
where H−1 is the dual of H10 (O).
Our main results are twofold: First, in the case of general diffusion coefficients
and initial data we introduce a notion of stochastic variational inequalities (SVI)
to (1.1) and establish a new method of proof of well-posedness. In particular, this
new methods allows treatment of general diffusion coefficients, whereas previously
the approach of SVI solutions was restricted to additive or linear multiplicative
noise (cf. (1.3), (1.4) below). In this sense, our results generalize those of [3, 7].
The second main result yields regularity properties of solutions in the case of linear
multiplicative noise (cf. (1.5) below). In particular, we prove the existence of strong
solutions, which extends the results from [8] from the degenerate case m > 1 to the
singular case m ∈ [0, 1].
In the case m > 0 a variational approach to (1.1) has been developed in [14] for
x0 ∈ L2(Ω;H−1) based on the coercivity property
V ∗〈∆(|v|m−1v), v〉V ≥ c‖v‖m+1V ∀v ∈ V = Lm+1(O).
In the multivalued limiting casem = 0 two complications appear: First, the reflexiv-
ity of the energy space Lm+1(O) is lost, making the variational methods from [14]
inapplicable in this case. Second, the operator ∆(|v|m−1v) = ∆Sgn(v) becomes
multivalued. Recently, for regular initial data x0 ∈ L2(Ω;L2(O)) an alternative
variational approach to (1.1) has been developed in [11], proving well posedness for
m ∈ [0, 1]. However, for general initial conditions x0 ∈ L2(Ω;H−1) solutions could
be constructed in a limiting sense only. That is, it has been shown that for each
approximating sequence xn0 ∈ L2(Ω;L2(O)) with xn0 → x in L2(Ω;H−1) the corre-
sponding variational solutions Xn converge to a limit X independent of the chosen
approximating sequence xn0 . The characterization of X in terms of a generalized
notion of solution to (1.1) remained open. This problem is solved in this paper
by introducing a notion of stochastic variational inequalities for (1.1) and proving
well-posedness in this framework. The limiting solution X is thus characterized as
an SVI solution to (1.1).
The difficulties for (1.1) as described above are similar to the ones for the sto-
chastic total variation flow
dXt ∈ div
( ∇Xt
|∇Xt|
)
dt+B(t,Xt)dWt(1.2)
X0 = x0.
As for (1.1), in case of regular initial data x0 ∈ L2(Ω;H10 (O)) variational solutions
have been constructed in [11]. For general initial data x0 ∈ L2(Ω;L2(O)) solutions
to (1.2) could be constructed in a limiting sense only. In the special case of additive
noise, i.e.
dXt ∈ div
( ∇Xt
|∇Xt|
)
dt+ dWt(1.3)
and assuming d = 1, 2, a notion of SVI solution to (1.3) has been introduced in [3].
Only recently, well-posedness of SVI solutions and thus characterization of limiting
solutions in the linear multiplicative case
dXt ∈ div
( ∇Xt
|∇Xt|
)
dt+
∞∑
k=1
fkXtdβ
k
t(1.4)
has been shown in [7]. In this sense, our results on well-posedness of SVI solutions
to (1.1) parallel those of [3, 7] in the case of stochastic fast diffusion equations. In
both cases (1.3) and (1.4), the SPDE may be transformed into a random PDE, i.e.
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a PDE with random coefficients. This technique is a crucial ingredient in the proofs
given in [3,7] and requires the restriction to either additive or linear multiplicative
noise. In contrast to this, in the first part of this paper (see Section 2) we consider
(1.1) for general multiplicative noise and introduce an alternative method to prove
well-posedness of SVI solutions that does not rely on a transformation into a random
PDE. This allows to treat general noise, while significantly simplifying the proof
as compared to [7]. Moreover, in contrast to [3] no restrictions on the dimension d
will be required.
In the second part of this paper (see Section 3) we prove regularity properties
for solutions to (1.1) in the case of linear multiplicative noise, i.e. for
dXt ∈ ∆(|Xt|m−1Xt)dt+
∞∑
k=1
fkXtdβ
k
t ,(1.5)
X0 = x0,
with m ∈ [0, 1], d ∈ N and x0 ∈ L2(Ω;H−1). More precisely, we prove the existence
of (generalized) strong solutions (cf. Definition A.1 below), in particular implying
that X takes values in the domain of ∆(| · |m−1·), dt⊗ P-almost everywhere. This
extends regularity results obtained in [8] where the degenerate case m ≥ 1 was
considered by entirely different methods. The case of singular diffusions (m ∈ [0, 1))
could not be handled in [8] due to the singularity of the non-linearity φ(r) = |r|m−1r
at zero. Roughly speaking, this singularity has to be compensated by sufficient
decay of the diffusion coefficients at zero; a problem not appearing in degenerate,
non-singular cases treated in [10]. This requires a careful choice of approximating
problems and leads to entirely different methods than those developed in [8]. In
particular, it turns out that different approximations of the nonlinearity φ need to
be considered in the proof of regularity for (1.5) and in the proof of well-posedness
of SVI solutions for (1.1). We underline that also the methods developed in the
second part of this paper do not rely on a transformation of (1.5) into a random
PDE and therefore depend only loosely on the linear structure of the noise in (1.5).
In fact, as pointed out above, the crucial structural condition in (1.5) is not the
linearity of the diffusion coefficients, but their decay behavior at zero.
Stochastic fast diffusion equations of the type (1.1) have been intensively in-
vestigated in recent years. For the single-valued case m > 0 we refer to [12, 14]
and the references therein. As the multivalued, limiting case m = 0 is concerned,
mostly the case of linear multiplicative noise (1.5) has been considered in the liter-
ature. Well-posedness for regular initial data x0 ∈ L4(O) and d = 1, 2, 3 was first
proven in [4]. Finite time extinction for (1.5) has been investigated in [2,4–6,9,17].
For bounded initial data x0 ∈ L∞(O) and finite driving noise, that is fk ≡ 0 for
all k large enough, the existence of strong solutions (cf. Definition A.1 below) to
(1.5) has been proven in [9] by entirely different methods, relying on a transforma-
tion of (1.5) into a random PDE. Well-posedness for (1.1) with m = 1 and with
general multiplicative noise has been obtained in [11] for the first time, proving
well-posedness in terms of variational solutions for regular initial data x0 ∈ L2(O).
For background on the deterministic fast diffusion equation we refer to [18,19] and
the references therein.
1.1. Notation. In the following let O ⊆ Rd be a bounded set with smooth bound-
ary. Lp := Lp(O) denotes the usual Lebesgue space with norm ‖ · ‖Lp and inner
product (·, ·)2 if p = 2. Further, H10 := H10 (O) denotes the Sobolev space of order
one in L2 equipped with the inner product (v, w)H1
0
= (∇v,∇w)2 and norm ‖·‖H1
0
.
Let (H−1, (·, ·)H−1 ) with norm ‖ · ‖H−1 be the dual of H10 . Moreover, we let C0(O¯)
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denote the set of all continuous functions on O vanishing at the boundary. In the
proofs, as usual, constants may change from line to line.
2. Stochastic variational inequalities
In this section we consider stochastic singular fast diffusion equations of the type
dXt ∈ ∆
(|Xt|m−1Xt) dt+B(t,Xt)dWt,(2.1)
X0 = x0
for m ∈ [0, 1], on a bounded, smooth domain O ⊆ Rd with Dirichlet boundary
conditions and general diffusion coefficients B, in particular including additive and
linear multiplicative noise. The precise definition of the nonlinear part on the right
hand side of (2.1) including its domain, as well as the definition of a solution to
(2.1) will be given below. We emphasize that the multivalued, limiting case m = 0
is included.
HereW is a cylindrical Wiener process in some separable Hilbert space U defined
on a probability space (Ω,F ,P) with normal filtration (Ft)t≥0 and the diffusion
coefficients B take values in the space of Hilbert-Schmidt operators L2(U,H). As
compared to the regularity results obtained in Section 3 below, for this general
choice of diffusion coefficients, we cannot expect (generalized) strong solutions to
exist for arbitrary initial conditions x0 ∈ H−1. Instead we introduce a notion of
stochastic variational inequalities for (2.1) which we prove to uniquely characterize
solutions.
We suppose that B : [0, T ]×H−1 × Ω is progressively measurable and satisfies
‖B(t, v)−B(t, w)‖2L2(U,H−1) ≤ C‖v − w‖2H−1 ∀v, w ∈ H−1(2.2)
‖B(t, v)‖2L2(U,L2) ≤ C(1 + ‖v‖2L2) ∀v ∈ L2,
for some constant C > 0 and all (t, ω) ∈ [0, T ]× Ω.
LetM be the space of all signed Radon measures on O with finite total variation.
For µ ∈M we let |µ| be its variation with total variation
TV(µ;O) = |µ|(O).
We define (cf. Appendix D)
Lm+1 ∩H−1 :=
{
v ∈ Lm+1|
ˆ
vhdx ≤ C‖h‖H1
0
, ∀h ∈ C1c (O) for some C ≥ 0
}
M∩H−1 :=
{
µ ∈ M|
ˆ
h(x)dµ(x) ≤ C‖h‖H1
0
, ∀h ∈ C1c (O) for some C ≥ 0
}
.
Note thatM∩H−1 is known as the space of finite measures of bounded energy (cf.
e.g. [16]). Clearly, we have Lm+1 ∩H−1 ⊆ H−1 and M∩H−1 ⊆ H−1. For m > 0
and v ∈ H−1 we define ϕ : H−1 → [0,∞] by
ϕ(v) :=
{
1
m+1‖v‖m+1m+1 , v ∈ Lm+1 ∩H−1
+∞ , otherwise.
By Lemma D.1 in Appendix D below, ϕ defines a convex, lower-semicontinuous
function on H−1. Moreover, by Lemma D.2
ϕ(µ) :=
{
TV(µ;O) , µ ∈M∩H−1
+∞ , otherwise.
is the lower-semicontinuous hull on H−1 of ‖ · ‖1 defined on L1 ∩H−1 . For m ≥ 0
we set
ψ(r) =
1
m+ 1
|r|m+1, r ∈ R,
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and note that
∂ψ(r) = |r|mSgn(r) =: φ(r), r ∈ R
where Sgn is the maximal monotone, multivalued extension of the sign function.
Concerning the subgradient ∂ϕ of ϕ we have (see Lemma D.3 below)
∂ϕ(v) ⊇ {−∆w|w ∈ H10 , w ∈ φ(v) a.e.},
for all v ∈ Lm+1 ∩H−1. Hence, we may rewrite (2.1) in the relaxed form
dXt ∈ −∂ϕ(Xt)dt+B(t,Xt)dWt,(2.3)
X0 = x0
and define (generalized) strong solutions according to Definition A.1 in Appendix
A below.
Definition 2.1. Let x0 ∈ L2(Ω;H−1). An Ft-adapted processX ∈ L2(Ω;C([0, T ];H−1))
is said to be an SVI solution to (2.1) if
i. [Regularity]
ϕ(X) ∈ L1([0, T ]× Ω).
ii. [Variational inequality] For each Ft-progressively measurable process G ∈
L2([0, T ]×Ω;H−1) and each Ft-adapted process Z ∈ L2(Ω;C([0, T ];H−1))∩
L2([0, T ]× Ω;L2) solving the equation
Zt − Z0 =
ˆ t
0
Gsds+
ˆ t
0
B(s, Zs)dWs, ∀t ∈ [0, T ],
we have
E‖Xt − Zt‖2H−1 + 2E
ˆ t
0
ϕ(Xr)dr
≤ E‖x0 − Z0‖2H−1 + 2E
ˆ t
0
ϕ(Zr)dr(2.4)
− 2E
ˆ t
0
(Gr, Xr − Zr)H−1dr + CE
ˆ t
0
‖Xr − Zr‖2H−1dr ∀t ≥ 0,
for some C > 0.
Remark 2.2. If (X, η) is a strong solution to (2.1) satisfying ϕ(X) ∈ L1([0, T ]×Ω)
then X is an SVI solution to (2.1).
Proof. Definition 2.1 (i) is satisfied by assumption. For (ii): Let Z ∈ L2(Ω;C([0, T ];H−1))∩
L2([0, T ]× Ω;L2) be a solution to
dZt = Gtdt+B(t, Zt)dWt
for some Ft-progressively measurable G ∈ L2([0, T ]× Ω;H−1). Then Itoˆ’s formula
implies:
E‖Xt − Zt‖2H−1 =E‖x0 − Z0‖2H−1 + 2E
ˆ t
0
(ηr −Gr, Xr − Zr)H−1dr
+ E
ˆ t
0
‖B(r,Xr)−B(r, Zr)‖2L2(U,H−1)dr ∀t ∈ [0, T ].
Since ηr ∈ −∂ϕ(Xr) we have
(ηr , Xr − Zr)H−1 ≤ ϕ(Zr)− ϕ(Xr), dt⊗ dP− a.e.
which, using (2.2), implies (2.4). 
The main result of the current section is the proof of well-posedness of (2.1) in
the sense of Definition 2.1:
6 SINGULAR-DEGENERATE MULTIVALUED SFDE
Theorem 2.3. Let x0 ∈ L2(Ω;H−1). Then there is a unique SVI solution X
to (2.1) in the sense of Definition 2.1. For two SVI solutions X, Y with initial
conditions x0, y0 ∈ L2(Ω;H−1) we have
sup
t∈[0,T ]
E‖Xt − Yt‖2H−1 ≤ CE‖x0 − y0‖2H−1 .
The unique SVI solution X coincides with the limiting solution to (2.1) constructed
in [11].
Proof. We construct SVI solutions to (2.1) by considering appropriate approxima-
tions by strong solutions. The specific form of the construction will also be a crucial
ingredient in the proof of uniqueness.
Step 1: Existence
We consider approximating SPDE of the form
dXεt = ε∆X
ε
t dt+∆φ
ε(Xεt )dt+B(t,X
ε
t )dWt,(2.5)
Xε0 = x0,
with ε > 0, x0 ∈ L2(Ω;L2) and ψε, φε as in Appendix C. By Lemma B.1 there is a
unique strong solution Xε to (2.5) satisfying
(2.6) E sup
t∈[0,T ]
‖Xεt ‖22 + 2εE
ˆ T
0
‖Xεr‖2H1
0
dr ≤ C(E‖x0‖22 + 1),
for some C > 0 independent of ε > 0. For two solutions Xε1 , Xε2 to (2.5) with
initial conditions x10, x
2
0 ∈ L2(Ω;L2) we have
e−Kt‖Xε1t −Xε2t ‖2H−1 =‖x10 − x20‖2H−1
+ 2
ˆ t
0
e−Kr(ε1∆X
ε1
r − ε2∆Xε2r , Xε1r −Xε2r )H−1dr
+ 2
ˆ t
0
e−Kr(∆φε1 (Xε1r )−∆φε2 (Xε2r ), Xε1r −Xε2r )H−1dr
+ 2
ˆ t
0
e−Kr(Xε1r −Xε2r , B(r,Xε1r )−B(r,Xε2r ))H−1dWr
+
ˆ t
0
e−Kr‖B(r,Xε1r )−B(r,Xε1r )‖2L2dr
−K
ˆ t
0
e−Kr‖Xε1r −Xε1r ‖2H−1dr.
Using (C.5) we note that
(∆φε1 (Xε1r )−∆φε2 (Xε2r ), Xε1r −Xε2r )H−1 = −
ˆ
O
(φε1(Xε1r )− φε2(Xε2r ))(Xε1r −Xε2r )dx
≤ C(ε1 + ε2)(1 + ‖Xε1r ‖22 + ‖Xε2r ‖22)
and
(ε1∆X
ε1
r − ε2∆Xε2r , Xε1r −Xε2r )H−1 =
ˆ
O
(ε1X
ε1
r − ε2Xε2r )(Xε1r −Xε2r )dx
≤ C(ε1 + ε2)(‖Xε1r ‖22 + ‖Xε2r ‖22),
SINGULAR-DEGENERATE MULTIVALUED SFDE 7
dt⊗ dP-a.e.. Thus,
e−Kt‖Xε1t −Xε2t ‖2H−1 ≤‖x10 − x20‖2H−1
+ C(ε1 + ε2)
ˆ t
0
(‖Xε1r ‖22 + ‖Xε1r ‖22 + 1)dr
+ 2
ˆ t
0
e−Kr(Xε1r −Xε2r , B(r,Xε1r )−B(r,Xε2r ))H−1dWr
+ C
ˆ t
0
e−Kr‖Xε1r −Xε1r ‖2H−1dr
−K
ˆ t
0
e−Kr‖Xε1r −Xε1r ‖2H−1dr.
Using the Burkholder-Davis-Gundy inequality and (2.6) we obtain
E sup
t∈[0,T ]
e−Kt‖Xε1t −Xε2t ‖2H−1 ≤2E‖x10 − x20‖2H−1(2.7)
+ C(ε1 + ε2)(E‖x10‖22 + E‖x20‖22 + 1),
for K > 0 large enough.
Let now Xε1 , Xε2 be strong solutions to (2.5) with the same initial condition
x0 ∈ L2(Ω;L2). Then (2.7) implies
E sup
t∈[0,T ]
e−Kt‖Xε1t −Xε2t ‖2H−1 ≤ C(ε1 + ε2)(E‖x0‖22 + 1)
and thus
E sup
t∈[0,T ]
‖Xεt −Xt‖2H−1 → 0 for ε→ 0
for some Ft-adapted process X ∈ L2(Ω;C([0, T ];H−1)) with X0 = x0. For x10, x20 ∈
L2(Ω;L2) taking the limit ε→ 0 in (2.7) yields
E sup
t∈[0,T ]
e−Kt‖X1t −X2t ‖2H−1 ≤ 2E‖x10 − x20‖2H−1 .(2.8)
Let now Xε,n be the unique strong solution (cf. Lemma B.1) to
dX
ε,n
t = ε∆X
ε,n
t dt+∆φ
ε(Xε,nt )dt+B(t,X
ε,n
t )dWt,(2.9)
X
ε,n
0 = x
n
0 ,
for some sequence xn0 → x0 in L2(Ω;H−1) with xn0 ∈ L2(Ω;L2). Using (2.7)
and (2.8) we obtain the existence of a sequence of Ft-adapted processes Xn ∈
L2(Ω;C([0, T ];H−1)) withXn0 = x
n
0 and an Ft-adapted processX ∈ L2(Ω;C([0, T ];H−1))
with X0 = x0 such that
E sup
t∈[0,T ]
‖Xε,nt −Xnt ‖2H−1 → 0 for ε→ 0
and
E sup
t∈[0,T ]
‖Xnt −Xt‖2H−1 → 0 for n→∞.
Let now G,Z be as in Definition 2.1. Itoˆ’s formula implies
E‖Xε,nt − Zt‖2H−1 =E‖xn0 − Z0‖2H−1
+ 2E
ˆ t
0
(ε∆Xε,nt +∆φ
ε(Xε,nt )−Gr, Xε,nr − Zr)H−1dr
+ E
ˆ t
0
‖B(r,Xε,nr )−B(r, Zr)‖2L2dr.
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For v ∈ H−1 we set
ϕε(v) =
{´
O
ψε(v)dx , v ∈ L2
+∞ , otherwise.
Using convexity of ψε we have
(∆φε(Xε,nr ), X
ε,n
r − Zr)H−1 + ϕε(Xε,nr ) ≤ ϕε(Zr)
dt⊗ P-a.e.. Moreover,
(ε∆Xε,nr , X
ε,n
r − Zr)H−1 ≤ ε‖∆Xε,nr ‖H−1‖Xε,nr − Zr‖H−1
≤ ε 43 ‖∆Xε,nr ‖2H−1 + ε
2
3 ‖Xε,nr − Zr‖2H−1
dt⊗ P-a.e.. Hence,
E‖Xε,nt − Zt‖2H−1 + 2E
ˆ t
0
ϕε(Xε,nr )dr
≤E‖xn0 − Z0‖2H−1 + 2E
ˆ t
0
ϕε(Zr)dr(2.10)
− 2E
ˆ t
0
(Gr, X
ε,n
r − Zr)H−1dr + CE
ˆ t
0
‖Xε,nr − Zr‖2H−1dr
+ 2E
ˆ t
0
ε
4
3 ‖∆Xε,nr ‖2H−1 + ε
2
3 ‖Xε,nr − Zr‖2H−1dr.
Due to the definition of ϕε and (C.4) we have
|ϕε(v)− ϕ(v)| ≤ Cε(1 + ϕ(v))(2.11)
≤ Cε(1 + ‖v‖22),
for all v ∈ L2. Hence,
E
ˆ t
0
ϕε(Xε,nr )dr ≥ E
ˆ t
0
ϕ(Xε,nr )dr − CεE
ˆ t
0
(1 + ‖Xε,nr ‖22)dr
and thus
lim inf
ε→0
E
ˆ t
0
ϕε(Xε,nr )dr ≥ E
ˆ t
0
ϕ(Xnr )dr.
Using ϕε ≤ ϕ, due to (C.3), and (2.6) we may thus let ε → 0 and then n → ∞ in
(2.10) to obtain
E‖Xt − Zt‖2H−1 + 2E
ˆ t
0
ϕ(Xr)dr
≤E‖x0 − Z0‖2H−1 + 2E
ˆ t
0
ϕ(Zr)dr
− 2E
ˆ t
0
(Gr, Xr − Zr)H−1dr + CE
ˆ t
0
‖Xr − Zr‖2H−1dr,
where ϕ(X) ∈ L1([0, T ]× Ω) follows from lower-semicontinuity of ϕ on H−1.
Step 2: Uniqueness
Let X be an SVI solution to (2.1) and let Y ε,n be the (strong) solution to (2.9)
with initial condition yn0 ∈ L2(Ω;L2) satisfying yn0 → y0 in L2(Ω;H−1). Then (2.4)
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with Z = Y ε,n and G = ε∆Y ε,n +∆φε(Y ε,n) yields
E‖Xt − Y ε,nt ‖2H−1 + 2E
ˆ t
0
ϕ(Xr)dr
≤E‖x0 − yn0 ‖2H−1 + 2E
ˆ t
0
ϕ(Y ε,nr )dr(2.12)
− 2E
ˆ t
0
(ε∆Y ε,nr +∆φ
ε(Y ε,nr ), Xr − Y ε,nr )H−1dr
+ CE
ˆ t
0
‖Xr − Y ε,nr ‖2H−1dr.
For x ∈ L2 we have
−(∆φε(Y ε,n), x− Y ε,n)H−1 + ϕε(Y ε,n) ≤ ϕε(x) dt⊗ dP− a.e..
Due to (2.11) we obtain
−(∆φε(Y ε,n), x− Y ε,n)H−1 + ϕ(Y ε,n) ≤ ϕ(x) + Cε(1 + ϕ(Y ε,n)) dt⊗ dP− a.e..
Since ϕ(X) ∈ L1([0, T ] × Ω) and since ϕ is the lower-semicontinuous hull of ϕ|L2
on H−1, for a.e. (t, ω) ∈ [0, T ] × Ω we can find a sequence xm ∈ L2 such that
xm → Xt(ω) in H−1 and ϕ(xm)→ ϕ(Xt(ω)). Hence,
−(∆φε(Y ε,n), X − Y ε,n)H−1 + ϕ(Y ε,n) ≤ ϕ(X) + Cε(1 + ϕ(Y ε,n)) dt⊗ dP− a.e.
and (2.12) implies
E‖Xt − Y ε,nt ‖2H−1 ≤ E‖x0 − yn0 ‖2H−1
+ 2E
ˆ t
0
ε
4
3 ‖∆Y ε,nr ‖2H−1 + ε
2
3 ‖Xr − Y ε,nr ‖2H−1dr
+ CE
ˆ t
0
‖Xr − Y ε,nr ‖2H−1dr + CεE
ˆ t
0
(1 + ϕ(Y ε,nr ))dr.
Taking ε→ 0 then n→∞ yields
E‖Xt − Yt‖2H−1 ≤E‖x0 − y0‖2H−1 + CE
ˆ t
0
‖Xr − Yr‖2H−1dr,
which by Gronwall’s inequality concludes the proof. 
3. Regularity and Strong solutions
We consider SPDE of the form
dXt ∈ ∆(|Xt|m−1Xt)dt+
∞∑
k=1
gkXtdβ
k
t ,(3.1)
X0 = x0
with m ∈ [0, 1] and zero Dirichlet boundary conditions on a smooth, bounded
domain O ⊆ Rd, in arbitrary dimension d ∈ N. Here, βk are independent Brownian
motions on a normal, filtered probability space (Ω,F , (Ft)t≥0,P) and
(B) gk ∈ C1(O¯) with
∞∑
k=1
‖gk‖2
C1(O¯) <∞.
For v ∈ H−1 we set
B(v)(h) =
∞∑
k=1
gkv(ek, h)H−1 ,
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where ek ∈ H−1 is an orthonormal basis of H−1. Then B : H−1 → L2(H−1, H−1)
is Lipschitz continuous, i.e.
‖B(u)−B(v)‖2L2(H−1,H−1) =
∞∑
k=1
‖gk(u− v)‖2H−1
≤
∞∑
k=1
‖gk‖2
C1(O¯)‖u− v‖2H−1 , for all u, v ∈ H−1
and
‖B(v)‖2L2(H−1,L2) =
∞∑
k=1
‖gkv‖2L2
≤
∞∑
k=1
‖gk‖2
C0(O¯)‖v‖2L2 , for all v ∈ L2.
We define ψ, φ, ϕ and M, Lm+1 ∩H−1,M∩H−1 as in Section 2 and rewrite (3.1)
in the relaxed form
dXt ∈ −∂ϕ(Xt)dt+B(Xt)dWt,(3.2)
X0 = x0.
(Generalized) strong solutions to (3.1) are then defined as in Definition A.1 (with
H = H−1).
For initial conditions x0 ∈ L2(Ω;H−1) satisfying Eϕ(x0) < ∞ we prove the
existence of strong solutions to (3.1). Moreover, we will prove regularizing prop-
erties with respect to the initial condition due to the subgradient structure of the
drift. This allows to characterize solutions for initial conditions x0 ∈ L2(Ω;H−1)
as generalized strong solutions.
Theorem 3.1. Let x0 ∈ L2(Ω;H−1).
i. There is a unique generalized strong solution (X, η) to (3.1) and X satisfies
Etϕ(Xt) + E
ˆ t
0
r‖ηr‖2H−1dr ≤ C
(
E‖x0‖2H−1 + 1
)
.
ii. If Eϕ(x0) < ∞, then there is a unique strong solution (X, η) to (3.1) sat-
isfying
Eϕ(Xt) + E
ˆ t
0
‖ηr‖2H−1dr ≤ Eϕ(x0) + C,
The (generalized) strong solution (X, η) coincides with the limit solution constructed
in [11].
The proof of Theorem 3.1 proceeds in several steps. In particular, the singularity
of ψ causes the need for a non-singular regularization of ψ. This approximation
has to be carefully chosen in order to obtain uniform bounds. Passing to the limit
will in turn rely on Mosco-convergence of the regularized potentials. We will first
consider the case of non-singular potentials, keeping careful track of the arising
constants in Section 3.0.1, the limit will then be taken in Section 3.0.2.
3.0.1. Non-singular potential ψ. In this section we restrict to the approximating
case of a smooth, non-singular nonlinearity ψ. We assume that ψ ∈ C3(R;R+) is
convex with Lipschitz continuous derivatives φ = ψ˙, φ˙ satisfying ψ(0) = φ(0) = 0
and
φ(r)r ≥ cψψ(r)− Cψ(3.3)
φ˙(r)r2 ≤ Cψψ(r), ∀r ∈ R,
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for some constants Cψ, cψ > 0.
We consider the following non-degenerate, non-singular approximation of (3.1)
(cf. Appendix B):
dXεt = ε∆X
ε
t dt+∆φ(X
ε
t )dt+B(X
ε
t )dWt,(3.4)
Xε0 = x0.
For v ∈ H−1 we define
ϕε(v) :=
{
ε
2
´
O |v|2dx+
´
O ψ(v)dx, for v ∈ L2
+∞, otherwise.
Note that ϕε ∈ C1(L2) with Lipschitz continuous derivative given by
Dϕε(v)(h) = ε
ˆ
O
vhdx +
ˆ
O
φ(v)hdx.
To check the claimed continuity we note that
Dϕε(v)(h)−Dϕε(w)(h) = ε
ˆ
O
(v − w)hdx +
ˆ
O
(φ(v) − φ(w))hdx
≤ ε‖v − w‖2‖h‖2 + ‖φ‖Lip‖v − w‖2‖h‖2
. (ε+ 1)‖v − w‖2‖h‖2.
Moreover, for k ∈ N large enough, we have ϕε ∈ C2(H10 ∩ H2k+1) with Lipschitz
continuous second derivative given by
D2ϕε(v)(g, h) = ε
ˆ
O
hgdx+
ˆ
O
hφ˙(v)gdx.
Indeed:
D2ϕε(v)(g, h)−D2ϕε(w)(g, h) =
ˆ
O
h
(
φ˙(v)− φ˙(w)
)
gdx
≤ ‖h‖3‖φ˙(v) − φ˙(w)‖3‖g‖3
≤ ‖φ˙‖Lip‖h‖H2k+1‖v − w‖H2k+1‖g‖H2k+1 ,
where we used the Sobolev embedding H2k+1 →֒ L3 for k ∈ N large enough.
Moreover, ϕε is a convex, lower-semicontinuous function on H−1 with subgradient
given by
Aε(v) := −∂ϕε(v) = ε∆v +∆φ(v) ∈ H−1, for v ∈ H10 .
Hence, we may write (3.4) as
dXεt = −∂ϕε(Xεt )dt+B(Xεt )dWt.
(Generalized) strong solutions to (3.4) are then defined according to Definition A.1.
By [13], for each x0 ∈ L2(Ω;H−1) there is a unique variational solution Xε to (3.4)
with respect to the Gelfand triple
L2 →֒ H−1 →֒ (L2)∗.
Due to Lemma B.1, Xε is a strong solution if x0 ∈ L2(Ω;L2).
Lemma 3.2. Let x0 ∈ L2(Ω;L2). For each ε > 0 we have ϕε(Xε) ∈ L1([0, T ]×Ω)
with
E
ˆ T
0
ϕε(Xεr )dr ≤ C(E‖x0‖2H−1 + 1),
for some constant C independent of ε > 0 and depending on ψ via the constants
cψ, Cψ only.
12 SINGULAR-DEGENERATE MULTIVALUED SFDE
Proof. Note that, using (3.3)
(Aε(v), v)H−1 = −
ˆ
O
(
ε|v|2 + φ(v)v) dx
≤ −
ˆ
O
(
ε|v|2 + cψ(v)− C) dx
≤ −cϕε(v) + C,
for all v ∈ H10 . By Itoˆ’s formula we have
Ee−Kt‖Xεt ‖2H−1
=E‖x0‖2H + 2E
ˆ t
0
e−Kr(Aε(Xεr ), X
ε
r )H−1 + e
−Kr‖B(Xεr )‖2L2(U,H−1)dr
−K
ˆ t
0
e−Kr‖Xεr‖2H−1dr
≤E‖x0‖2H−1 − 2E
ˆ t
0
ce−Krϕε(Xεr ) + Ce
−Kr‖Xεr‖2H−1dr
−K
ˆ t
0
e−Kr‖Xεr‖2H−1dr + C.
Choosing K large enough yields the claim. 
Based on the strong solution property of Xε we derive the key estimate in the
following
Lemma 3.3. Let x0 ∈ L2(Ω;L2). For all ε > 0 we have
Etϕε(Xεt ) + E
ˆ t
0
r‖εXεr + φ(Xεr )‖2H1
0
dr ≤ C (E‖x0‖2H−1 + 1) .
and
(3.5) Eϕε(Xεt ) + E
ˆ t
0
‖εXεr + φ(Xεr )‖2H1
0
dr ≤ CEϕε(x0),
for some constant C independent of ε > 0 and depending on ψ via the constants
cψ, Cψ only.
Proof. Let Jλ be the resolvent of −∆ on H−1. We let Gλ = Gλ,k := Jλ ◦ · · · ◦ Jλ
the k-th iteration of Jλ. Then Gλ : H−1 → H10 ∩H2k+1 is linear and continuous.
Moreover,
‖Gλv‖2 ≤ ‖v‖2, ∀v ∈ L2
‖Gλv‖H1
0
≤ ‖v‖H1
0
, ∀v ∈ H10
and
‖Gλv − v‖2 ≤ ‖JλGλ,k−1v − Jλv‖2 + ‖Jλv − v‖2
≤ ‖Gλ,k−1v − v‖2 + ‖Jλv − v‖2.
Iterating this yields
‖Gλv − v‖2 ≤ k‖Jλv − v‖2 → 0 for λ→ 0
for all v ∈ L2. Analogously,
‖Gλv − v‖H1
0
→ 0 for λ→ 0
for all v ∈ H10 .
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We define ϕε,λ := ϕε ◦Gλ. Since Gλ : H−1 → H10 ∩H2k+1 is a linear, continuous
operator we have ϕε,λ ∈ C2(H−1) with Lipschitz continuous derivatives given by
Dϕε,λ(v)(h) = − (ε∆Gλv +∆φ(Gλv), Gλh)
H−1
,
D2ϕε,λ(v)(g, h) = −ε
ˆ
O
(Gλh)(Gλg)dx+
ˆ
O
(Gλh)φ˙(Gλv)(Gλg)dx.
By Lemma B.1 there is a unique strong solutionXε to (3.4) withXε ∈ L2(Ω;L∞([0, T ];L2))∩
L2([0, T ]× Ω;H10 ). We apply Itoˆ’s formula to tϕε,λ(Xεt ) to get:
Etϕε,λ(Xεt )
= −E
ˆ t
0
r(ε∆GλXεr +∆φ(G
λXεr ), G
λ(ε∆Xεr +∆φ(X
ε
r )))H−1dr
+
ε
2
∞∑
k=1
E
ˆ t
0
r
ˆ
O
|Gλ(gkXεr )|2dxdr
+
1
2
∞∑
k=1
E
ˆ t
0
r
ˆ
O
Gλ(gkXεr )φ˙(G
λXεr )G
λ(gkXεr )dxdr
+ E
ˆ t
0
ϕε,λ(Xεr )dr.
We first note that ˆ
O
|Gλ(gkXεr )|2dx ≤
ˆ
O
|gkXεr |2dx
≤ ‖gk‖2C0‖Xεr‖22.
Moreover,ˆ
O
Gλ(gkXεr )φ˙(G
λXεr )G
λ(gkXεr )dx =
ˆ
O
(Gλ(gkXεr ))
2φ˙(GλXεr )dx
≤ ‖φ˙‖∞‖gk‖2C0‖Xεr‖22.
We noteGλv → v inH10 for v ∈ H10 . Since φ˙ is Lipschitz we have φ˙(GλXε)→ φ˙(Xε)
in L2([0, T ]×Ω;H10 ). Moreover, GλgkXεr → gkXεr in L2([0, T ]×Ω;H10 ). Using (3.3)
this implies
lim
λ
E
ˆ t
0
r
ˆ
O
Gλ(gkXεr )φ˙(G
λXεr )G
λ(gkXεr )dxdr
= E
ˆ t
0
r
ˆ
O
(gkXεr )
2φ˙(Xεr )dxdr
≤ ‖gk‖2C0CψE
ˆ t
0
r
ˆ
O
ψ(Xεr )dxdr
= ‖gk‖2C0CψE
ˆ t
0
rϕ(Xεr )dr.
Hence, by dominated convergence we obtain
lim
λ→0
ε
2
∞∑
k=1
E
ˆ t
0
r
ˆ
O
|Gλ(gkXεr )|2dxdr
+ lim
λ→0
1
2
∞∑
k=1
E
ˆ t
0
r
ˆ
O
Gλ(gkXεr )φ˙(G
λ(Xεr ))G
λ(gkXεr )dxdr
≤ C
(
1 + E
ˆ t
0
rϕε(Xεr )dr
)
,
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for some constant C independent of ε > 0 and depending on ψ via the constants
cψ, Cψ only. We note that
(ε∆GλXεr +∆φ(G
λXεr ), G
λ(ε∆Xεr +∆φ(X
ε
r )))H−1
= (εGλXεr + φ(G
λXεr ), G
λ(εXεr + φ(X
ε
r )))H10 .
Since Xε ∈ L2([0, T ]× Ω;H10 ) we have (using dominated convergence)
GλXε → Xε in L2([0, T ]× Ω;H10 ) for λ→ 0.
Since φ, φ˙ are Lipschitz continuous this implies φ(GλXε) → φ(Xε) for λ → 0 in
L2([0, T ]× Ω;H10 ). Hence, we obtain
lim
λ→0
−E
ˆ t
0
r(εGλXεr + φ(G
λXεr ), G
λ(εXεr + φ(X
ε
r )))H10 dr
= −E
ˆ t
0
r‖εXεr + φ(Xεr )‖2H1
0
dr.
Since ϕε is continuous on L2,
|ϕε,λ(v)| ≤ C(1 + ‖v‖22)
and GλXε → Xε in L2([0, T ]×Ω;H10 ), GλXεt → Xεt in L2(Ω;L2) for all t ∈ [0, T ],
by dominated convergence we get
lim
λ→0
Etϕε,λ(Xεt ) = Etϕ
ε(Xεt )
and
lim
λ→0
E
ˆ t
0
ϕε,λ(Xεr )dr = E
ˆ t
0
ϕε(Xεr )dr.
Putting these estimates together yields
Etϕε(Xεt ) ≤− E
ˆ t
0
r‖εXεr + φ(Xεr )‖2H1
0
dr + C
(
1 + E
ˆ t
0
rϕε(Xεr )dr
)
+ E
ˆ t
0
ϕε(Xεr )dr.
By Lemma 3.2 we conclude
Etϕε(Xεt ) + E
ˆ t
0
r‖εXεr + φ(Xεr )‖2H1
0
dr ≤ C (E‖x0‖2H−1 + 1) ,
for some constant C independent of ε > 0 and depending on ψ via the constants
cψ, Cψ only.
To prove (3.5) we proceed as above but applying Itoˆ’s formula for ϕε,λ(Xεt )
instead of tϕε,λ(Xεt ). 
3.0.2. Proof of Theorem 3.1.
Proof of Theorem 3.1: The proof proceeds via a three-step approximation. First,
we approximate the singular potential ψ(r) = 1
m+1 |r|m+1 by the smooth functions
ψδ(r) =
1
m+ 1
((
r2 + δ
)m+1
2 − δm+12
)
.
Note
φδ(r) : = (ψδ)′(r) =
(
r2 + δ
)m−1
2 r
φ˙δ(r) : =
(
r2 + δ
)m−1
2 + (m− 1) (r2 + δ)m−32 r2
=
(
r2 + δ
)m−3
2 (δ +mr2).
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Thus, for δ ∈ [0, 1]
φδ(r)r =
(
r2 + δ
)m−1
2 r2 =
(
r2 + δ
)m+1
2 − (r2 + δ)m−12 δ
≥ (m+ 1)ψδ(r) − 1
and
φ˙δ(r)r2 =
(
r2 + δ
)m−3
2 (δ +mr2)r2
≤ (m+ 1) (r2 + δ)m+12
= (m+ 1)2ψδ(r).
That is, (3.3) is satisfied with constants cψ , Cψ independent of δ > 0. Moreover,
we observe
(3.6) |ψδ(r)− ψ(r)| = 2
m+ 1
δ
m+1
2 .
Next we consider vanishing viscosity
dX
ε,δ
t = ε∆X
ε,δ
t dt+∆φ
δ(Xε,δt )dt+B(X
ε,δ
t )dWt,(3.7)
X
ε,δ
0 = x0.
In a third approximating step we consider smooth approximations of the initial
condition, i.e. we first assume x0 ∈ L2(Ω;L2).
Step 1: δ → 0
Let ε > 0, x0 ∈ L2(Ω;L2) and for v ∈ H−1 set
ϕε,δ(v) :=
{
ε
2
´
O |v|2dx+
´
O ψ
δ(v)dx, for v ∈ L2
+∞, otherwise.
Since
∂ϕε,δ(v) =
{
−ε∆v −∆φδ(v), for v ∈ H10
∅, otherwise.
we may rewrite (3.7) as
dX
ε,δ
t = −∂ϕε,δ(Xε,δt )dt+B(Xε,δt )dWt
and define strong solutions to (3.7) as in Definition A.1. By Lemma B.1 there is a
(unique) strong solution Xε,δ to (3.7). From Lemma B.1 and Lemma 3.3 we have
E sup
t∈[0,T ]
‖Xε,δt ‖22 + 2εE
ˆ T
0
‖Xε,δr ‖2H1
0
dr ≤ C(E‖x0‖22 + 1)(3.8)
Etϕε,δ(Xε,δt ) + E
ˆ t
0
r‖εXε,δr + φδ(Xε,δr )‖2H1
0
dr ≤ C (E‖x0‖2H−1 + 1)
and
Eϕε,δ(Xε,δt ) + E
ˆ t
0
‖εXε,δr + φδ(Xε,δr )‖2H1
0
dr ≤ CEϕε,δ(x0)(3.9)
≤ C(E‖x0‖22 + 1),
with a constant C > 0 independent of ε, δ > 0. Hence, we may extract a subse-
quence δn → 0 such that
Xε,δn ⇀ X¯ε, in L2([0, T ]× Ω;H10 )
Xε,δn ⇀∗ X¯ε, in L2(Ω;L∞([0, T ];L2))
∆φδn(Xε,δn)⇀ ηε, in L2([0, T ]× Ω;H−1).
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Since B : H−1 → L2(H−1;H−1) is continuous, linear we have B(Xε,δn) ⇀ B(X¯ε)
in L2([0, T ]× Ω;L2(H−1;H−1)) and thus dt⊗ dP-almost everywhere
X¯εt = x0 +
ˆ t
0
(ε∆X¯εr + η
ε
r)dr +
ˆ t
0
B(X¯εr )dWr .
Hence, defining
Xεt := x0 +
ˆ t
0
(ε∆X¯εr + η
ε
r)dr +
ˆ t
0
B(X¯εr )dWr
we have Xε = X¯ε, dt ⊗ dP-almost everywhere and due to [13, Theorem 4.2.5] we
have Xε ∈ L2(Ω;C([0, T ];H−1)). We aim to prove that Xε is a strong solution to
dXεt ∈ −∂ϕε(Xεt )dt+B(Xεt )dWt,(3.10)
where (for v ∈ H−1)
ϕε(v) :=
{
ε
2
´
O
|v|2dx+ ´
O
ψ(v)dx, for v ∈ L2
+∞, otherwise.
Note that
∂ϕε(v) =
{
{ε∆v +∆ζ| ζ ∈ H10 with ζ ∈ φ(v) a.e.}, for v ∈ H10
∅, otherwise.(3.11)
It thus remains to identify ε∆Xε + ηε ∈ −∂ϕε(Xε), dt ⊗ dP-almost everywhere.
Itoˆ’s formula yields
Ee−Ct‖Xεt ‖2H−1 =E‖x0‖2H−1 + E
ˆ t
0
e−Cr(ε∆Xεr + η
ε
r , X
ε
r )H−1dr
+ E
ˆ t
0
e−Cr‖B(Xεr )‖2L2dr − CE
ˆ t
0
e−Cr‖Xεr‖2H−1dr ∀t ∈ [0, T ].(3.12)
Using Itoˆ’s formula for Xε,δ yields (for C > 0 large enough)
Ee−Ct‖Xε,δnt ‖2H−1
=E‖x0‖2H−1 + E
ˆ t
0
e−Cr(ε∆Xε,δnr +∆φ
δn(Xε,δnr ), X
ε,δn
r )H−1dr
+ E
ˆ t
0
e−Cr‖B(Xε,δnr )−B(Xεr )‖2L2dr − E
ˆ t
0
e−Cr‖B(Xεr )‖2L2dr
+ 2E
ˆ t
0
e−Cr(B(Xε,δnr ), B(X
ε
r ))L2dr − CE
ˆ t
0
e−Cr‖Xε,δnr −Xεr‖2H−1dr
+ CE
ˆ t
0
e−Cr‖Xεr‖2H−1dr − 2CE
ˆ t
0
e−Cr(Xε,δnr , X
ε
r )H−1dr
≤E‖x0‖2H−1 + E
ˆ t
0
e−Cr(ε∆Xε,δnr +∆φ
δn(Xε,δnr ), X
ε,δn
r )H−1dr
− E
ˆ t
0
e−Cr‖B(Xεr )‖2L2dr + 2E
ˆ t
0
e−Cr(B(Xε,δnr ), B(X
ε
r ))L2dr
+ CE
ˆ t
0
e−Cr‖Xεr‖2H−1dr − 2CE
ˆ t
0
e−Cr(Xε,δnr , X
ε
r )H−1dr.
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Taking lim infδn→0 we obtain (first in distributional sense in t then a.e. by the
Lebesgue Theorem)
Ee−Ct‖Xεt ‖2H−1
≤ lim inf
δn→0
Ee−Ct‖Xε,δnt ‖2H−1
≤E‖x0‖2H−1 + lim inf
δn→0
E
ˆ t
0
e−Cr(ε∆Xε,δnr +∆φ
δn(Xε,δnr ), X
ε,δn
r )H−1dr
− E
ˆ t
0
e−Cr‖B(Xεr )‖2L2dr + 2E
ˆ t
0
e−Cr(B(Xεr ), B(X
ε
r ))L2dr
+ CE
ˆ t
0
e−Cr‖Xεr‖2H−1dr − 2CE
ˆ t
0
e−Cr(Xεr , X
ε
r )H−1dr
≤E‖x0‖2H−1 + lim inf
δ→0
E
ˆ t
0
e−Cr(ε∆Xε,δnr +∆φ
δn(Xε,δnr ), X
ε,δn
r )H−1dr
+ E
ˆ t
0
e−Cr‖B(Xεr )‖2L2dr − CE
ˆ t
0
e−Cr‖Xεr‖2H−1dr a.e. t ∈ [0, T ].
Subtracting (3.12) we obtain
E
ˆ t
0
e−Cr(ε∆Xεr + η
ε
r , X
ε
r )H−1dr(3.13)
≤ lim inf
δn→0
E
ˆ t
0
e−Cr(ε∆Xε,δnr +∆φ
δn(Xε,δnr ), X
ε,δn
r )H−1dr.
We now consider the convex, lower-semicontinuous functionals ϕ¯ε, ϕ¯ε,δ : L2([0, T ]×
Ω;H−1)→ R¯ defined by
ϕ¯ε(v) :=
{
E
´ T
0 e
−Cr
´
O(
ε
2v
2 + ψ(v))dxdr , if v ∈ L2([0, T ]× Ω;L2)
+∞ , otherwise
=E
ˆ T
0
e−Crϕε(vr)dr.
and ϕ¯ε,δ being defined analogously, where we endow L2([0, T ]× Ω;H−1) with the
equivalent norm
‖v‖2L2([0,T ]×Ω;H−1) := E
ˆ T
0
e−Cr‖vr‖2H−1dr.
Due to the characterization of subgradients of integral functionals proved in [15,
Theorem 21] we have
∂ϕ¯ε(v) = {η ∈ L2([0, T ]× Ω;H−1)| η ∈ ∂ϕε(v), dt⊗ dP-a.e.}(3.14)
and
(3.15) ∂ϕ¯ε,δ(v) = {−ε∆v −∆φδ(v)} for v ∈ L2([0, T ]× Ω;H10 ).
Since ϕ¯ε,δ → ϕ¯ε uniformly for δ → 0 (cf. (3.6)), we also have ϕ¯ε,δ → ϕ¯ε in Mosco
sense. Due to (3.15) we have
(−ε∆Xε,δn −∆φδn(Xε,δn), Y −Xε,δn)L2([0,T ]×Ω;H−1) + ϕ¯ε,δn(Xε,δn) ≤ ϕ¯ε,δn(Y ),
for all Y ∈ L2([0, T ]× Ω;H−1). Using (3.13) and Mosco convergence of ϕ¯ε,δ to ϕ¯ε
we may take the lim infn→∞ to get
(−ε∆Xε − ηε, Y −Xε)L2([0,T ]×Ω;H−1) + ϕ¯ε(Xε) ≤ ϕ¯ε(Y ).
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Hence, ε∆Xε + ηε ∈ −∂ϕ¯ε(Xε) and we conclude ε∆Xε + ηε ∈ −∂ϕε(Xε) dt⊗ dP-
almost everywhere due to (3.14). Then, (3.11) yields
(3.16) ηε = ∆ζε
with ζε ∈ H10 and ζε ∈ φ(Xε) a.e.. In conclusion, Xε is a strong solution to (3.10).
Passing to the limit in (3.8), (3.9) yields
E sup
t∈[0,T ]
‖Xεt ‖22 + 2εE
ˆ T
0
‖Xεr‖2H1
0
dr ≤ C(E‖x0‖22 + 1)(3.17)
Etϕε(Xεt ) + E
ˆ t
0
r‖ε∆Xε + ηεr‖2H−1dr ≤ C
(
E‖x0‖2H−1 + 1
)
and
Eϕε(Xεt ) + E
ˆ t
0
‖ε∆Xε + ηεr‖2H−1dr ≤ Eϕε(x0)(3.18)
≤ C(E‖x0‖22 + 1).
Step 2: ε→ 0
For ε1, ε2 > 0 let (X
ε1 , ηε1), (Xε2 , ηε2) be two strong solutions to (3.10) with
initial conditions x10, x
2
0 ∈ L2(Ω;L2) respectively. Itoˆ’s formula implies
e−Kt‖Xε1t −Xε2t ‖2H−1
= ‖x10 − x20‖2H−1 +
ˆ t
0
2e−Kr(ε1∆X
ε1 + ηε1 − (ε2∆Xε2 + ηε2 ), Xε1r −Xε2r )H−1dr
+
ˆ t
0
e−Kr(Xε1r −Xε2r , B(Xε1r )−B(Xε2r ))H−1dWr
+
ˆ t
0
e−Kr‖B(Xε1r )−B(Xε2r )‖2L2dr −KE
ˆ t
0
e−Kr‖Xε1r −Xε2r ‖2H−1dr.
Due to (3.16) we have
(ηε1 − ηε2 , Xε1 −Xε2)H−1 ≤ 0
and we note that
(ε1∆X
ε1
r − ε2∆Xε2r , Xε1r −Xε2r )H−1 ≤ 2(ε1 + ε2)(‖Xε1r ‖22 + ‖Xε2r ‖22).
Hence, the Burkholder-Davis-Gundy inequality and Lemma B.1 imply
E sup
t∈[0,T ]
‖Xε1t −Xε2t ‖2H−1 ≤CE‖x10 − x20‖2H−1(3.19)
+ C(ε1 + ε2)
(
E‖x10‖22 + E‖x20‖22 + 1
)
.
Let now x0 ∈ L2(Ω;L2) and for each ε > 0 let (Xε, ηε) be a solution to (3.10) with
initial condition x0. Due to (3.19) there is an Ft-adapted process X ∈ L2([0, T ]×
Ω;H−1) with X0 = x0 such that
Xε → X in L2(Ω;C([0, T ];H−1)) for ε→ 0.
Using (3.18) we can extract a weakly convergent subsequence
εn∆X
εn + ηεn ⇀ η, in L2([0, T ]× Ω;H−1).
By step one we have εn∆X
εn + ηεn ∈ −∂ϕεn(Xεn) a.e., hence
(εn∆X
εn + ηεn , Xεn − Y )L2([0,T ]×Ω;H−1) + ϕ¯εn(Xεn) ≤ ϕ¯εn(Y ),
for all Y ∈ L2([0, T ]× Ω;H−1). For v ∈ L2([0, T ]× Ω;H−1) we define
ϕ¯(v) = E
ˆ T
0
ϕ(vr)dr.
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Again, due to [15, Theorem 21] we have
(3.20) ∂ϕ¯(v) = {η ∈ L2([0, T ]× Ω;H−1)| η ∈ ∂ϕ(v), dt⊗ dP-a.e.}.
For v ∈ L2 we observe that ϕε(v) = ε2‖v‖22 + ϕ(v) and thus
(εn∆X
εn + ηεn , Xεn − Y )L2([0,T ]×Ω;H−1) + ϕ¯(Xεn)(3.21)
≤ ϕ¯(Y ) + Cεn‖Y ‖2L2([0,T ]×Ω;L2),
for all Y ∈ L2([0, T ]× Ω;L2).
Let Jλ = (1− λ∆)−1 be the resolvent of −∆ on H−1. Then
‖Jλv‖H−1 ≤ ‖v‖H−1
and Jλv → v in H−1 for λ→ 0. Moreover,
‖Jλv‖L2 ≤ C
λ
‖v‖H−1
for all v ∈ H−1. For v ∈ Lm+1 ∩H−1 we have
ϕ(Jλv) = ‖Jλv‖Lm+1 ≤ ‖v‖Lm+1 = ϕ(v).
For the case m = 0, in addition: Let v = vµ ∈ M ∩ H−1. Since ϕ is the lower-
semicontinuous hull of ϕ restricted to L1 ∩ H−1 (cf. Appendix D), there is a
sequence vn ∈ L1 ∩H−1 such that vn → v in H−1 and ϕ(vn) → ϕ(v). By lower-
semicontinuity of ϕ we conclude
ϕ(Jλv) ≤ lim
n→∞
ϕ(Jλvn)
≤ lim
n→∞
ϕ(vn)(3.22)
= ϕ(v), ∀v ∈M∩H−1.
Given Y ∈ L2([0, T ] × Ω;H−1) we set Y ε := Jε
1
4 Y ∈ L2([0, T ] × Ω;L2). By
dominated convergence Y ε → Y in L2([0, T ]× Ω;H−1). From (3.21) we obtain
(εn∆X
εn + ηεn , Xεn − Y εn)L2([0,T ]×Ω;H−1) + ϕ¯(Xεn)
≤ ϕ¯(Y εn) + Cεn‖Y εn‖2L2([0,T ]×Ω;L2)
≤ ϕ¯(Y ) + C√εn‖Y ‖2L2([0,T ]×Ω;H−1).
Taking n→∞ and using lower semicontinuity of ϕ¯ we arrive at
(η,X − Y )L2([0,T ]×Ω;H−1) + ϕ¯(X) ≤ ϕ¯(Y )
for all Y ∈ L2([0, T ]× Ω;H−1) and thus η ∈ ∂ϕ¯(X), which implies η ∈ ∂ϕ(X) a.e.
by (3.20). In conclusion, X is a strong solution to
dXt ∈ −∂ϕ(Xt)dt+B(Xt)dWt.(3.23)
Taking the limit in (3.17), (3.18) yields
E sup
t∈[0,T ]
‖Xt‖22 ≤ C(E‖x0‖22 + 1)(3.24)
Etϕ(Xt) + E
ˆ t
0
r‖ηr‖2H−1dr ≤ C
(
E‖x0‖2H−1 + 1
)
and
Eϕ(Xt) + E
ˆ t
0
‖ηr‖2H−1dr ≤ CEϕ(x0)(3.25)
≤ C(E‖x0‖22 + 1).
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Moreover, from (3.19) we obtain
E sup
t∈[0,T ]
‖X1t −X2t ‖2H−1 ≤CE‖x10 − x20‖2H−1 ,(3.26)
where X1, X2 are the corresponding limits for the initial conditions x10, x
2
0 respec-
tively.
Step 3: Proof of (i)
Suppose x0 ∈ L2(Ω;H−1) satisfying Eϕ(x0) < ∞. We consider the case m = 0,
the casem > 0 can be treated analogously. Let Jλ = (1−λ∆)−1 be the resolvent of
−∆ on H−1, set xn0 = J
1
nx0 and let (X
n, ηn) be the corresponding strong solution
to (3.23) constructed in step two. By dominated convergence we have
xn0 → x0, in L2(Ω;H−1).
Due to (3.25), (3.26) and (3.22) we may extract (weakly) convergent subsequences
Xn → X, in L2(Ω;C([0, T ];H−1))
ηn ⇀ η, in L2([0, T ]× Ω;H−1).
Since ηn ∈ −∂ϕ¯(Xn), strong-weak closedness of the subgradient ∂ϕ¯ implies η ∈
−∂ϕ¯(X) and thus η ∈ −∂ϕ(X) a.e.. It then easily follows that (X, η) is a strong
solution to (3.1).
Step 3: Proof of (ii)
Let x0 ∈ L2(Ω;H−1) and xn0 ∈ L2(Ω;L2) with xn0 → x in L2(Ω;H−1), E‖xn0‖2H−1 ≤
E‖x0‖2H−1 and let (Xn, ηn) be the corresponding strong solutions to (3.23) con-
structed in step two. By (3.26) we have
E sup
t∈[0,T ]
‖Xn −Xm‖2H−1 ≤ CE‖xn − xm‖2H−1 .
Hence, Xn → X in L2(Ω;C([0, T ];H−1)). Moreover,
Etϕ(Xnt ) + E
ˆ t
0
r‖ηnr ‖2H−1dr ≤ C
(
E‖x0‖2H + 1
)
.
Hence, there is a map η with η ∈ L2([τ, T ]× Ω;H10 ) such that
ηn ⇀ η, in L2([τ, T ]× Ω;H−1),
for all τ > 0. By strong-weak closedness of ∂ϕ¯ we have η ∈ −∂ϕ¯(X) and thus
η ∈ −∂ϕ(X) a.e.. Hence, X is a generalized strong solution satisfying
Etϕ(Xt) + E
ˆ t
0
r‖η‖2H−1dr ≤ C
(
E‖x0‖2H−1 + 1
)
.

Appendix A. (Generalized) strong solutions to gradient type SPDE
Let ϕ : H → R be a proper, lower-semicontinuous, convex function on a separable
real Hilbert space H . We consider SPDE of the type
dXt ∈ −∂ϕ(Xt)dt+B(t,Xt)dWt,(A.1)
X0 = x0,
whereW is a cylindrical Wiener process in a separable Hilbert space U defined on a
probability space (Ω,F ,P) with normal filtration (Ft)t≥0 and B : [0, T ]×H×Ω→
L2(U,H) is Lipschitz continuous, i.e.
‖B(t, v)−B(t, w)‖2L2(U,H) ≤ C‖v − w‖2H ∀v, w ∈ H
and all (t, ω) ∈ [0, T ]× Ω. Furthermore, we assume that
‖B(·, 0)‖L2(U,H) ∈ L2([0, T ]× Ω).
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We then define
Definition A.1. Let x0 ∈ L2(Ω;H). An H-continuous, Ft-adapted process X ∈
L2(Ω;C([0, T ];H)) for which there exists a selection η ∈ −∂ϕ(X), dt ⊗ dP-a.e. is
said to be a
i. strong solution to (A.1) if
η ∈ L2([0, T ]× Ω;H)
and P-a.s.
Xt = x0 +
ˆ t
0
ηrdr +
ˆ t
0
B(r,Xr)dWr, ∀t ∈ [0, T ].
ii. generalized strong solution to (A.1) if
η ∈ L2([τ, T ]× Ω;H), ∀τ > 0
and P-a.s.
Xt = Xτ +
ˆ t
τ
ηrdr +
ˆ t
τ
B(r,Xr)dWr, ∀t ∈ [τ, T ],
for all τ > 0.
Appendix B. Non-degenerate, non-singular stochastic fast diffusion
equations
In this section we consider non-degenerate, non-singular approximations to (1.1),
that is
dXt = ε∆Xtdt+∆φ(Xt)dt+B(t,Xt)dWt,(B.1)
X0 = x0,
where φ : R→ R is a Lipschitz continuous, monotone function satisfying φ(0) = 0.
We further assume that W is a cylindrical Wiener process in a separable Hilbert
space U defined on a probability space (Ω,F ,P) with normal filtration (Ft)t≥0 and
B : [0, T ]×H−1 × Ω→ L2(U,H−1) is Lipschitz continuous, i.e.
‖B(t, v)−B(t, w)‖2L2(U,H−1) ≤ C‖v − w‖2H−1 ∀v, w ∈ H−1,
for some constant C > 0 and all (t, ω) ∈ [0, T ]× Ω. We assume
(B.2) ‖B(t, v)‖2L2(U,L2) ≤ C(1 + ‖v‖22), ∀v ∈ L2,
and all (t, ω) ∈ [0, T ]×Ω. By [13] there is a unique variational solution X to (B.1)
with respect to the Gelfand triple
L2 →֒ H−1 →֒ (L2)∗.
Under an additional regularity assumption on the diffusion coefficients B we prove
that in fact, these solutions are strong solutions in H−1.
Lemma B.1. Let x0 ∈ L2(Ω;L2). Then
E sup
t∈[0,T ]
‖Xt‖22 + εE
ˆ T
0
‖Xr‖2H1
0
dr ≤ C(E‖x0‖22 + 1),
with a constant C > 0 independent of ε and φ.
Proof. In the following we let (ei)
∞
i=1 be an orthonormal basis of eigenvectors of −∆
in H−1. We further let Pn : H−1 → span{e1, . . . , en} be the orthogonal projection
onto the span of the first n eigenvectors. We recall that the unique variational
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solution X to (B.1) is constructed in [13] as a (weak) limit in L2([0, T ]× Ω;L2) of
the solutions to the following Galerkin approximation
dXnt = εP
n∆Xnt dt+ P
n∆φ(Xnt )dt+ P
nB(t,Xnt )dW
n
t ,
Xn0 = P
nx0.
We observe that
‖Xnt ‖22 = ‖Pnx0‖22 + 2
ˆ t
0
(Xnr , εP
n∆Xnr + P
n∆φ(Xnr ))2dr
+ 2
ˆ t
0
(Xnr , P
nB(r,Xnr )dW
n
r )2dr +
ˆ t
0
‖PnB(r,Xnr )‖2L2(U,L2)dr
= ‖Pnx0‖22 − 2ε
ˆ t
0
‖Xnr ‖2H1
0
dr + 2
ˆ t
0
H1
0
〈Xnr ,∆φ(Xnr )〉H−1dr
+ 2
ˆ t
0
(Xnr , P
nB(r,Xnr )dW
n
r )2dr +
ˆ t
0
‖PnB(r,Xnr )‖2L2(U,L2)dr.
Since φ can be approximated by a sequence of increasing, Lipschitz functions in
C1(R) we observe that
H1
0
〈Xnr ,∆φ(Xnr )〉H−1 = −(∇Xnr ,∇φ(Xnr ))2 ≤ 0.
Using this, the Burkholder-Davis-Gundy inequality and (B.2) we obtain
1
2
E sup
t∈[0,T ]
e−Ct‖Xnt ‖22 ≤ E‖x0‖22 − 2εE
ˆ T
0
e−Cr‖Xnr ‖2H1
0
dr + C.
Passing to the (weak) limit yields the result. 
Appendix C. Moreau-Yosida approximation of singular powers
In this section we collect and prove some facts about the Moreau-Yosida ap-
proximation of certain monomials (cf. e.g. [1, Section 2.2] for backgound on the
Moreau-Yosida approximation).
For m ∈ [0, 1] let ψ(r) := 1
m+1 |r|m+1, r ∈ R and let ψε : R→ R be the Moreau-
Yosida approximation of ψ, i.e.
ψε(r) := inf
s∈R
{ |r − s|2
2ε
+ ψ(s)
}
.
Then
∂ψε = φε(r) :=
1
ε
(r − Jεr) ∈ φ(Jεr) ∀r ∈ R,
is the Yosida approximation of φ = ∂ψ, where Jε = (I + εφ)−1 is the resolvent of
φ with I denoting the identity map on R. We note that
(C.1) |φε(r)| ≤ |φ(r)| := inf{|η| : η ∈ φ(r)} ∀r ∈ R.
Moreover,
ψε(r) =
1
2ε
|r − Jεr|2 + ψ(Jεr)(C.2)
=
ε
2
|φε(r)|2 + ψ(Jεr) ∀r ∈ R
and thus
(C.3) ψ(Jεr) ≤ ψε(r) ≤ ψ(r) ∀r ∈ R.
By the subgradient inequality we have
η(Jεr − r) + ψ(r) ≤ ψ(Jεr)
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for all η ∈ φ(r). Hence, using the definition of φε
ψ(r) − ψ(Jεr) ≤ −η(Jεr − r)
≤ |η|ε|φε(r)|
for every η ∈ φ(r). Hence, using (C.1) and (C.3) we obtain
|ψ(r) − ψε(r)| ≤ ε|φ(r)|2(C.4)
≤ Cε(1 + ψ(r)) ∀r ∈ R.
We note that for all a, b ∈ R
(φε1 (a)− φε2(b)) · (a− b) =(φε1 (a)− φε2(b)) · (Jε1a− Jε2b)
+ (φε1 (a)− φε2(b)) · (a− Jε1a− (b− Jε2b))
≥(φε1 (a)− φε2(b)) · (ε1φε1(a)− ε2φε2(b))
≥− 1
2
(ε1 + ε2)
(|φε1(a)|2 + |φε2 (b)|2) .
Since
|φε1 (a)|2 ≤ |φ(a)|2 ≤ C(1 + |a|2)
we conclude
(φε1 (a)− φε2(b)) · (a− b) ≥ −C(ε1 + ε2)(1 + |a|2 + |b|2).(C.5)
Appendix D. Relaxation of Lm+1 norms on H−1
For m ≥ 0 we define
Lm+1 ∩H−1 :=
{
v ∈ Lm+1|
ˆ
vhdx ≤ C‖h‖H1
0
, ∀h ∈ C1c (O) for some C ≥ 0
}
.
By continuity, every v ∈ Lm+1∩H−1 the map h 7→ ´ vhdx can be uniquely extended
from C1c to a bounded linear functional on H
1
0 . Hence, L
m+1 ∩ H−1 ⊆ H−1. We
set
ϕ(v) :=
{
1
m+1‖v‖m+1m+1 , v ∈ Lm+1 ∩H−1
+∞ , H−1 \ (Lm+1 ∩H−1),
Lemma D.1. Assume m > 0. Then ϕ is lower-semicontinuous on H−1.
Proof. Let vn ∈ Lm+1 ∩ H−1 with ‖vn‖m+1m+1 ≤ C and vn → v in H−1. Then
vn ⇀ v in Lm+1 for some subsequence again denoted by vn. Now ‖ ·‖m+1m+1 is weakly
lower-semicontinuous on Lm+1 and thus
‖v‖m+1m+1 ≤ C.

Due to the lack of reflexivity of L1 this argument fails in the case m = 0. We
next provide a characterization of the corresponding lower-semicontinuous hull of
ϕ0(·) := ‖ · ‖1 on H−1.
LetM =M(O) be the space of signed Borel measures with finite total variation
on O ⊆ Rd and
M∩H−1 :=
{
µ ∈ M|
ˆ
O
h(x)dµ(x) ≤ C‖h‖H1
0
, ∀h ∈ C1c (O) for some C ≥ 0
}
.
By continuity, for every v ∈ M∩H−1 the map h 7→ ´ hdv can be extended from C1c
to a (uniquely determined) bounded linear functional on H10 . The resulting map
ι :M∩H−1 → H−1 thus is injective. Hence,M∩H−1 ⊆ H−1 and in the following
we identifyM∩H−1 with its embedding into H−1 , except for the proof of Lemma
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D.2 below, where for v ∈ M∩H−1 with v = ι(µ) we write vµ := ι(µ). We extend
µ ∈M(O) to all of Rd by zero.
Lemma D.2. Let m = 0 and ϕ be the lower-semicontinuous hull of ϕ0(·) := ‖ · ‖1
on H−1. Then
ϕ(v) :=
{
TV(µ) , v = vµ ∈M∩H−1
+∞ , otherwise.
Proof. We first prove that ϕ is weakly (hence strongly) lower-semicontinuous on
H−1. We recall that M is the dual C0(O)∗ of C0(O), i.e. the set of all continuous
functions vanishing onf the boundary ∂O, equipped with the sup-norm. Let vµn ∈
M∩H−1 with ϕ(vµn ) ≤ C and vµn ⇀ v in H−1. Since C0(O) is separable and µn
has uniformly bounded total variation we have
µn ⇀ µ˜
weakly∗ in M for some subsequence of µn and some µ˜ ∈ M. Taking the limit
n→∞ in
vµn(h) =
ˆ
O
h(x)dµn(x), h ∈ C1c
and using vµn ⇀ v in H
−1 yields
v(h) =
ˆ
O
h(x)dµ˜(x) ∀h ∈ C1c
and thus v = vµ˜ ∈M∩H−1. Since the total variation norm is lower semicontinuous
with respect to weak convergence we obtain
ϕ(v) = TV(µ˜) ≤ lim inf
n→∞
TV(µn) = lim inf
n→∞
ϕ(vµn ) ≤ C,
which proves ϕ to be weakly lower-semicontinuous on H−1.
It remains to prove that ϕ is the lower-semicontinuous hull onH−1 of ϕ restricted
to L1 ∩H−1. Let v ∈ H−1 and let vε := Jεv ∈ L2, where Jε := (I − ε∆)−1 is the
resolvent of −∆ in H−1. Note that vε → v in H−1, where we identify vε ∈ L2 with
its embedding into H−1 via
vε(h) =
ˆ
O
vεhdx, h ∈ H10 .
For v ∈ L2 ⊆ H−1 we observe
(Jεv)(h) =
ˆ
O
(Jεv)hdx
=
ˆ
O
vJεhdx
= v(Jεh) ∀h ∈ H10 .
By the density of L2 in H−1 this yields
Jεv = v ◦ Jε ∀v ∈ H−1.
Moreover, we recall Jε : C0(O) → C0(O), ‖Jεh‖C0 ≤ ‖h‖C0 for all h ∈ C0 and for
h ∈ C∞c (O) we have
(D.1) Jεh→ h in C0.
Let µ ∈ M = (C0(O))∗. We define µε(h) = (Jεµ)(h) := µ(Jεh) for h ∈ C0 and
identify µε with its representation in M. Hence,ˆ
O
hdµε =
ˆ
O
Jεhdµ
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for all h ∈ C0 and thus
TV (µε) = sup
‖h‖C0≤1
µε(h)
≤ TV (µ) sup
‖h‖C0≤1
‖Jεh‖C0
≤ TV (µ).
Consequently, there is a subsequence µεn ⇀ µ˜ weakly∗ in M and due to (D.1) this
means µεn ⇀ µ weakly∗ in M and
TV (µ) ≤ lim inf
n→∞
TV (µεn) ≤ TV (µ).
A standard contradiction argument then yields
(D.2) lim
ε→0
TV (µε) = TV (µ).
Let now vµ ∈ M∩H−1. Then
(Jεvµ)(h) = vµ(J
εh)
=
ˆ
O
Jεhdµ
=
ˆ
O
hdµε,
for all h ∈ C1c and thus Jεvµ ∈ M ∩ H−1 with Jεvµ = vJεµ. Due to (D.2) this
implies
ϕ(Jεvµ) = ϕ(vJεµ)
= TV (Jεµ)
→ TV (µ)
= ϕ(vµ).
Since Jεvµ ∈ L2 ⊆ L1∩H−1 and Jεvµ → vµ in H−1, ϕ is the lower-semicontinuous
hull on H−1 of ϕ restricted to L1 ∩H−1. 
Lemma D.3. Let m ∈ [0, 1] and v ∈ Lm+1 ∩H−1. Then
∂ϕ(v) ⊇ {−∆w : w ∈ H10 , w ∈ φ(v) a.e.}.
Proof. Case m > 0: Let Jε, ε > 0 be as in the proof of Lemma D.2. Assume that
w = φ(v) = |v|m−1v ∈ H10 . Then w ∈ L
m+1
m and we have to show that
ϕ(v) ≤ (−∆w, v − y) + ϕ(y) ∀y ∈ Lm+1 ∩H−1.
As in the proof of Lemma D.2 we have for all y ∈ Lm+1 ∩H−1
ϕ(v) − (−∆w, v − y)H−1
= ϕ(v)− lim
ε→0
(−∆w, Jε(v − y))H−1
= ϕ(v)− lim
ε→0
(w, Jε(v − y))2
= ϕ(v)−
ˆ
O
w(v − y)dx,
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where we used that Jεv → v in Lp as ε → 0 for every v ∈ Lp and all p ∈ [1,∞).
The last expression equals
1
m+ 1
ˆ
O
|v|m+1dx−
ˆ
O
w(v − y)dx
≤ 1
m+ 1
ˆ
O
|v|m+1dx−
ˆ
O
|v|m+1dx+
ˆ
O
|v|m−1vydx
≤ ϕ(y),
where we used Ho¨lder’s and Young’s inequality in the last step. This finishes the
proof.
Case m = 0: Assume w ∈ φ(v) a.e. with w ∈ H10 . Arguing as in the case m > 0
and using |w| ≤ 1 a.e. we have
ϕ(v)− (−∆w, v − y)H−1 = ϕ(v)−
ˆ
O
w(v − y)dx
≤
ˆ
O
|y|dx,
which finishes the proof. 
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